It was recently suggested that the su(N) κ ⊕ su(N) p / su(N) κ+p coset conformal field theories should be related to N = 2 SU(N) gauge theories on R 4 /Z p . In this paper we study various aspects of this proposal. We perform explicit checks of the relation for (N, p) = (2, 4), where the symmetry algebra of the coset is the so called S 3 parafermion algebra. Even though the symmetry algebra of the coset is unknown for generic (N, p) models, we manage to perform non-trivial checks in the general case by using knowledge of the Kac determinant of the coset CFT. We also find evidence that the conformal blocks of the (N, p) model should factorise into a certain product of p (N, 1) conformal blocks. Precisely this structure is present in the instanton partition function on R 4 /Z p .
Introduction
In the past two years several precise relations between 2d conformal field theories and 4d N = 2 gauge theories have been discovered. One example [1, 2] is the by now wellknown AGT relation that connects SU(N) gauge theories on R 4 with the Toda field theories and their associated W N symmetry. More recently, a relation that connects the SU(2) gauge theories on R 4 /Z 2 with the N = 1 super-Liouville theory and its N = 1 superconformal symmetry was proposed [3] . This relation was further studied in [4] [5] [6] .
These relations are special cases of a more general proposal [7] that connects SU(N) gauge theories on R 4 /Z p with the coset conformal field theories based on the coset su(N) κ ⊕ su(N) p su(N) κ+p .
(1.1)
Here (and throughout this paper) p is a positive integer and κ is a free parameter. Coset conformal field theories [8] have been intensely studied in the literature 1 mostly in the context of rational conformal field theories, although here we are interested in non-rational models. The AGT relation corresponds to the special case p = 1 (it is known that when p = 1 the extended chiral symmetry algebra of the coset (1.1) is the W N algebra, see e.g. [10] ). Similarly, when (N, p) = (2, 2) the symmetry algebra of the coset is the N = 1 superconformal algebra and one recovers the relation in [3] . Based on these two special cases the extension to the general (N, p) models is very natural. Since the p = 1 case corresponds to the Toda theories the general cases have been called (conformal) para-Toda theories, see e.g. [11] and references therein. The (2, p) models correspond to the para-Liouville theories recently studied in [12] .
In [7] a first check of the proposed relation in the general case was performed. This check is based on a computation of the central charge of the 2d CFT (1.1) from Mtheory considerations, generalising the earlier p = 1 analysis [13] (which in turn was based on an observation in [14] ). Let us recapitulate the main points of this analysis.
The central charge of the coset (1.1) takes the well-known form c coset = c su(N )κ + c su(N )p − c su(N ) κ+p = κ p (N 2 −1)(κ+p+2N) (κ+N)(p+N)(κ+p+N) ,
where we used c su(N )κ = κ(N 2 −1) κ+N . In contrast, the expression obtained from M-theory, or more precisely from the anomaly polynomial of the 6d A N −1 (2, 0) theory, is [7] c M−theory = N(p 2 −1) p+N
where ǫ 1,2 are the gauge theory deformation parameters introduced in [15, 16] . The relation between κ and ǫ 1,2 is
where we also introduced the CFT parameter b via the usual relation [1] b 2 = ǫ 2 /ǫ 1 . For p = 1 this result can be obtained from previously known facts as follows. In addition to the coset formulation, the W N algebras can also be obtained from the sl N current algebra at level k by quantum Drinfeld-Sokolov reduction (see e.g. [10] and references therein). The level k is related to ǫ 1,2 via [17] 
The parameter κ appearing in the coset (1.1) is not precisely the same as the parameter k. The relation between κ and k is (see e.g. [ Therefore the precise statement is that the SU(N) gauge theory on R/Z p should be related to coset theory (1.1) plus the coset theory (1.7) [7] . In addition, just as in the AGT relation, additional u(1) factors may be important in certain computations. Although the matching of the central charges says little about the details of the relation it nevertheless clearly shows the power of the intuition derived from the M-theory setup.
The only cases where the relation between the coset theory (1.1) and the N = 2 SU(N) gauge theory on R 4 /Z p have hitherto been checked in detail are (N, p) = (N, 1) and (N, p) = (2, 2). In this paper we study the relation between the coset theory and the gauge theory for general (N, p) and in particular provide some new checks.
For the special case N = 2, p = 4 it is known (see e.g. [18] ) that the symmetry algebra of the coset (1.1) is the so called S 3 parafermion algebra [19] . In section 3 we find compelling evidence that suitably defined (irregular) conformal blocks in this theory indeed agree with the instanton partition function of the pure N = 2 SU(2) gauge theory on R 4 /Z 4 . For general (N, p) models the situation is much more difficult since in the generic case not much is known about the symmetry algebra of the coset (1.1). In view of this an alternative more indirect approach would be useful. As we will see, the coset formulation provides some methods that allow us to perform non-trivial checks of the relation to gauge theory without actually knowing the precise form of the symmetry algebra. In particular, in section 4 we make the observation that when the terms at a given order in the instanton partition function of the N = 2 gauge theory are written as a single fraction, the denominator is (a simplified version of) the Kac determinant of the 2d CFT. Using knowledge about the Kac determinant for the general coset theory (1.1) we are able to perform non-trivial checks of the proposed relation. These checks are detailed enough to fix the map between the variables in the two theories.
There have been various results in the literature relating conformal blocks for different coset theories. In particular, in [20, 21] it was argued that conformal blocks for the rational version of the coset (1.1) factorise into p conformal blocks for the p = 1 theory. In section 5 we argue that the extrapolation of this argument to the non-rational setting should explain the known factorisation property of the instanton partition functions on R 4 /Z p [22] [23] [24] and provide the answer to a question posed in [4, 6] . In the next section we review some facts about the instanton partition functions of the N = 2 SU(N) gauge theories on R 4 /Z p that will be needed in later sections. Then in section 3 we perform explicit computations using the S 3 parafermion algebra and match the results to the N = 2 SU(2) gauge theory on R 4 /Z 4 . Our checks for general models are discussed in section 4. In section 5 we discuss the factorisation of coset conformal blocks and the relation to the gauge theory results. We conclude with a discussion of some open problems. In this section we briefly describe how one computes the instanton partition function for N = 2 SU(N) gauge theory on (a smooth resolution of) R 4 /Z p . These results were first obtained in [25] (see also [26] ) using the ADHM construction given in [27] . Some applications and further developments were discussed in [28, 29] . For simplicity we focus on the case of the pure N = 2 SU(N) gauge theory.
The instanton partition function for the N = 2 SU(N) theory on R 4 (i.e. without orbifolding) is given by the well-known expresssion
where the sum is over all vectors of N Young tableaux Y = (Y 1 , . . . , Y N ), k is the total number of boxes in Y , s denotes a box in the Young diagram Y i , and
where A j (s) (L j (s)) is the arm (leg) length, i.e. the number of boxes in Y j above (to the right of) the box s ∈ Y i . For further details about the notation we refer to the original papers [16, 30] .
To treat the case with orbifolding one needs to take into account the action of Z p on the instanton moduli space and decompose the various quantities into representations of Z p . The representations of the abelian group Z p are one-dimensional and are labelled by an integer ℓ = 0, 1, . . . , p−1. The building blocks of the instanton partition function are similar to the case without orbifolding but with some differences. The sum over fixed points still involves N Young tableaux. The analogues of N and k are p-dimensional vectors with components N ℓ and k ℓ , and to each Young diagram Y i one associates a Z p charge (representation) r i ∈ 0, . . . , p − 1. The number of Young tableaux associated with the ℓth representation is equal to N ℓ and ℓ N ℓ = N. Since k is replaced by a vector one has p "instanton numbers". These are conveniently organised into k and u ℓ with ℓ = 1, . . . , p − 1, defined as follows
where in the definition of u ℓ the periodic identification k ℓ+p = k ℓ is understood. The associated expansion parameters will be denoted x ℓ and y. The x ℓ variables are related to the non-trivial two-cycles (exceptional divisors) in the geometry. This situation is analogous to the case with surface operators, see e.g. [17] . Let us also mention that it is more common in the literature to define k with an extra factor of 1/p. Such a definition also corresponds more closely to the CFT formulation as we will see later. Nevertheless, we keep the above definition since it simplifies some formulae. With the above definitions the instanton partition function for the N = 2 SU(N) gauge theory on R 4 /Z p can be written [25] 
Here the product over i, j = 1, . . . , N and s ∈ Y i is restricted to the set ⋄ that comprises all i, j, s that satisfy
Our main interest in this paper is the case for which u ℓ = 0 for all ℓ. This restriction gives strong constraints and leads to gaps in the instanton expansion, i.e. not all powers of y appear in the expansion. This is a generic feature for general p.
Let us discuss how this comes about in a bit more detail. First we write k ℓ = k 0 + t ℓ for ℓ = 1, . . . , p−1 which implies that N ℓ −C ℓl tl = u ℓ = 0 where C ℓl is the (p−1)×(p−1) Cartan matrix of the A p−1 Lie algebra. This implies that t ℓ = C ℓl Nl where the inverse of the Cartan matrix is
It is clear from their definition that the t ℓ are integers as are the N ℓ , but in general t ℓ = C ℓl Nl does not map integers to integers hence not all configuration are allowed. As an example, consider the case N = 2 where either one N ℓ is 2 or two are 1 with the rest 0. Looking at the form of the inverse Cartan matrix it is easy to see that the only possibilities that give integer t ℓ 's are:
⌋; and N p/2 = 2 (the latter case appears only if p is even). More explicitly we have for (N, p) = (2, 4)
where m = k 0 is a non-negative integer. Another example is (N, p) = (2, 7) Before we give some explicit examples of instanton partition functions on R 4 /Z p let us mention that there exists an alternative way to organise the instanton expansion, first discussed in the simplest case R 4 /Z 2 in [22] . The formalism for a general noncompact toric surface (of which R 4 /Z p is an example) was discussed in [23, 24] . In this approach the fixed point set is labelled by p · N Young tableaux together with (p−1) · N integers. This approach will be further discussed in section 5.
We close this section with some explicit examples. As above Z 
where a 1 = −a 2 = a and we used the short-hand notation
For the (N, p) = (2, 7) theory we have
Finally for the (N, p) = (3, 4) theory, i.e. the SU(3) theory on R 4 /Z 4 , we have
where we used the short-hand notation 14) and
is a homogeneous polynomial in a i and ǫ 1,2 of degree d. These polynomials are known but somewhat complicated.
3 S 3 parafermions and N = 2 SU(2) gauge theory on R
For the case N = 2, p = 4 it is known (see e.g. [18] ) that the extended symmetry algebra of the coset (1.1) is isomorphic to the so called spin 4/3 S 3 parafermion algebra [19] . We start by recapitulating the main facts about this algebra. We will be brief since excellent discussions can be found in [19] and section 2 of [31] . In addition to the stress tensor T (z) the algebra also contains two spin 4/3 fields G ± (z). The operator product expansions are
One can associate a Z 3 charge q to the fields of the algebra such that G ± has charge q = ±1 and T has charge q = 0. This charge assignment is consistent with the above OPEs; note that e.g.
The first two OPEs in (3.1) can easily be translated into commutation relations for the associated modes
but the fractional powers in the last two OPEs in (3.1) complicates the analysis and requires a careful treatment.
In general for the G ± r modes one has r ∈ Z/3, but it turns out that not all modes can act on a state with a given Z 3 charge, so it is very important to keep track of the Z 3 charge of the state upon which the G ± r modes act. If we denote a generic state of charge q by |q then the allowed combinations are
Similarly, the commutation relations of the G ± modes also depend on the charge of the state upon which they act and take the following rather complicated forms (known as generalised commutation relations)
where
Highest weight states of the above algebra are as usual annihilated by the positive modes, i.e. by L m and G ± r with m, r > 0. There are three different classes of highest weight states conventionally denoted S, D and R. The S and D cases are analogous to the Neveu-Schwarz sector of the superconformal algebra whereas R is analogous to Ramond sector. Here we will only consider the S and D cases. A highest weight state in the S sector has q = 0 whereas a highest weight state in the D sector has q = −1 (the choice q = +1 describes an isomorphic module). We denote these highest weight states |α; q . The conformal dimensions (L 0 eigenvalues) are
The descendants of a highest weight state take the usual form
We define the level of a descendant as n = n 0 + δ, where
n j , and δ = 0 in an S module and δ = 1 12 in a D module. From (3.4) one deduces that the levels of the descendants in an S module belong to n ∈ Z or n ∈ Z+ 1 3 whereas in a D module one finds n ∈ Z+ 3 4 or n ∈ Z+ 1 12 . Even though the commutation relations of the G ± modes are somewhat complicated, most of the usual operations can still be performed. It can be shown that G ± r annihilate a descendant provided that r is greater than the value of n 0 for that state. Moving a positive G ± mode to the right through the string of negative modes of a descendant is accomplished using the above generalised commutation relations (3.5). Even though infinite sums appear in these relations, only a finite number of terms actually contribute since for k large enough the terms will annihilate the state upon which they act, so the infinite range of the sums is not a problem for practical computations. Our conventions for Hermitian conjugation are:
Having reviewed the facts that we need, we turn to the main point of this section. According to the proposal discussed in the introduction, conformal blocks for the S 3 parafermion algebra discussed above should be related to instanton partition functions for the N = 2 SU(2) gauge theory formulated on R 4 /Z 4 . For simplicity we focus on the instanton partition function for the pure SU(2) theory without matter that is expected to be dual to irregular conformal blocks that arise from the norm of a certain Whittaker vector.
Let us briefly recall how the analogous results worked for the (N, p) = (2, 1) case (Virasoro algebra [32, 33] 2 ) and the (N, p) = (2, 2) case (NS sector of N = 1 superconformal algebra [3] ). There is a state |W (the Whittaker vector) whose norm can be computed perturbatively by inserting a complete set of states
Here |n; α denote descendants of the intermediate primary state |α and X −1 is the inverse of the Gram/Shapovalov matrix of inner products of the descendants. Because of the properties of |W only a subset of descendants have non-vanishing inner products with |W so at a given level only a particular component of the inverse of the Gram/Shapovalov matrix gives a non-zero contribution. For the (2, 1) case the contributing descendants at level n ∈ Z + are (L −1 ) n |α with L 1 |W = √ z|W , and for the (2, 2) case the contributing descendants at level n ∈ Z + /2 are (G −1/2 ) 2n |α with
corresponding to these descendants is equal to the instanton partition function at order p n and z 1/p is proportional to the instanton expansion parameter y. This alternative way of presenting the relation between the CFT and gauge theory quantities (first emphasised in [33] ) will be used in what follows. In other words, we are looking for a relation between a component of the inverse of the Gram/Shapovalov matrix for the S 3 parafermion algebra at level n and the instanton partition function of the N = 2 SU(2) theory on R 4 /Z 4 at order y 4n . Before doing any actual computations there is a simple check that can be performed. It is clear that for the proposed relation to make sense 4n has to be an integer since in our conventions only integer powers appear in the instanton expansion. From the above results we see this is possible at level m in the S sector and at level m+ 3 4 in the D sector.
2 For this case the relation was proven in [34] , see also [35] .
Thus we expect contributions at orders 4m and 4m + 3 in the instanton expansion, but we know from the results in the previous section that these are precisely the orders at which there are non-vanishing contributions. Note that there are also descendants with levels such that 4n is not an integer (n = m+ 1 3 in the S sector and n = m+ 1 12 in the D sector). At such levels apparently no components can have gauge theory interpretations of the type we have discussed. We return to this point below but for now we focus on the levels for which 4n is an integer.
Thus we need to compute the inverse of the Gram/Shapovalov matrix at levels m in the S sector and at levels m+ 3 4 in the D sector. Similar computations were carried out in [36, Section 3] . In that paper the number of independent descendants at a given level was also determined.
At level 3/4 a basis of suitably normalised descendants can be chosen as 10) and the Gram/Shapovalov matrix becomes
The 1, 1 component of the inverse is (including the z 3/4 factor)
At level 1 a basis of suitably normalised descendants can be chosen as
Note that |1 + |2 = L −1 |α; 0 . The Gram/Shapovalov matrix becomes
+1
(3.14)
The 1, 1 component of the invese is (including the z factor)
Comparing these expressions to the y 3 and y 4 terms in the gauge theory expression (2.10) we find precise agreement provided we identify
4 Checks for general (N, p) models via Kac determinant
In the previous section we found compelling evidence for a relation between the coset theory (1.1) with (N, p) = (2, 4) and the N = 2 SU(2) theory on R 4 /Z 4 . This analysis made use of the symmetry algebra of the coset -the S 3 parafermion algebra -which for this case is known in explicit form. Ideally one would like to extend this method to the cases with general N and p. However, this is far from straightforward since the symmetry algebra of the coset with generic N and p is not known in explicit form. Strictly speaking this is also true for the (N, 1) models with N large since the corresponding W N algebras have not been explicitly written down, but many things are known about these algebras and construction algorithms exist so this is merely a technical problem. In contrast for p > 2 the problem is more severe.
To describe the problems that arise we focus on the N = 2 models with general p. For these models it is known that the symmetry algebra includes a field G(z) of conformal dimension Υ = (p+4)/(p+2) [37, 18] . It is possible to write down the OPE for this field with itself; schematically it is given by
where λ p is known [18] . The main problem is that the right-hand side contains singularities involving two different fractional powers. Such models are called non-abelianly braided and are difficult to analyze. In contrast, models with only a single fractional power are called abelianly braided (or parafermionic) and can be analyzed as we saw in one example in the previous section. For p = 4 the model naively is non-abelianly braided, but it can be transformed into an abelianly braided model (the S 3 parafermion algebra). Generically such miracles do not occur. The fact that p = 4 is special can be traced to the existence of the conformal embedding of su(2) 4 inside su(3) 1 together with the fact that abelianly braided theories are intimately connected with current algebras with level 1 (see e.g. [38] for a discussion).
Since the symmetry algebra is not known in the general case, we appear to be at an impasse. However, even though we do not know much about the symmetry algebra there are still some things that are known about the coset theories that can be profitably used to perform quite non-trivial checks of the proposed relation to N = 2 gauge theories on R 4 /Z p . To motivate the methods that we will use, let us revisit the (2, 4) model and ask how much could have been inferred without using the explicit knowledge about the symmetry algebra. Recall that a characteristic feature of the instanton expansion is that only certain powers of the instanton expansion parameter occur. This feature is mirrored on the CFT side by the fact that the descendants only occur at certain levels, and we were able prove to all orders that the same pattern appears as in the instanton expansion. For this analysis one does not need to know the commutation relations of the algebra so this simple check can be extended to more general models as we will see below.
In fact we can do a bit more. Recall that the terms in the instanton expansion with a given instanton number were identified with a certain component of the inverse of the Gram/Shapovalov matrix at the corresponding level. From the general formula for the inverse of a matrix (Cramer's rule) it follows that a fixed matrix element in the inverse of the Gram matrix/Shapovalov is a rational function where the denominatior is the determinant of the Gram/Shapovalov matrix. The determinant of the Gram/Shapovalov matrix is also known as the Kac determinant. In general there may be cancellations, so that when written in factorised form the denominator only has to be contained in the Kac determinant; in other words each factor in the denominator also appears in the Kac determinant. The point is that the Kac determinant is known also for cases where the symmetry algebra is not known, which will allow us to check if the instanton expansion has the right structure for general models.
When N = 2 the Kac determinant at level n has the schematic form
where ∆(α) is the conformal dimension of the highest weight state |α and the zeros ∆ r,s are parametrised by positive integers r, s that are subject to certain restrictions which depend on the level n. The P (n, r, s) exponents are certain integers that determine the orders of the zeroes. As mentioned above, in the denominator of the relevant component of the inverse of the Gram/Shapovalov matrix the full Kac determinant need not appear. Stated differently the P (n, r, s) may be different in the denominator. In fact we will make the more specific conjecture that all types of ∆ r,s factors that appear in the Kac determinant with non-zero P (n, r, s) also appear in the denominator but with single powers only. If correct, this implies that when written as a single fraction the terms at a given order in the instanton expansion should have a denominator that agrees (up to a constant) with (4.2) with all (non-zero) P (n, r, s) replaced by 1 (implying that at each order in the instanton expansion the expression only has simple poles). We now proceed to perform the checks we just outlined in more detail. We start with the N = 2 case with general p. The main reference is [36] (see also [12] ).
First we describe the possible types of representations/highest weight states. There are p types of representations and the corresponding vertex operators will be denoted V (ℓ) α (z) with ℓ = 0, 1, . . . , p − 1. The associated states will be denoted |α; ℓ . The conformal dimensions are
where as usual Q = b + 1/b. Note that this expression is symmetric under ℓ → p − ℓ so ℓ and p − ℓ describe the "same" representation and form a doublet. Therefore there are three classes:
⌋ where ⌊·⌋ denotes the integer part, and finally if p is even ℓ = p/2. These three cases will be collectively labelled by ℓ = 0, . . . , ⌊ p 2 ⌋ from now on. The connection to the notation used in the previous section for p = 4 is as follows: ℓ = 0 corresponds to S, ℓ = 2 to D and ℓ = 1 to R.
The level in the ℓth sector of a descendant is defined as [36] 4) where n 0 is the "conventional" level arising from summing up the mode numbers in the descendant (compare the discussion in the previous section). It is known that the field G(z) mentioned above generates the full symmetry algebra so to determine the possible levels it is sufficient to consider this field. The possible modes of G(z) acting on a generic state, |ℓ , in the ℓth sector are [36] (here m is a non-negative integer)
where the schematic notation indicates to which sector the action of the mode takes the state. There are some restrictions: For ℓ = 0 only the first case is possible, for ℓ = 1 the last case is excluded, and when ℓ+2 > p/2, |ℓ+2 should be identified with |p−ℓ−2 .
Recall from the discussion above that for the comparison with the gauge theory results we are interested in the levels that satisfy the constraint that p n is an integer. As an example, let us work out the p = 7 case in detail. In this case we have n 0 = k 9 for some k (not all k are possible!). For descendants of a ℓ = 0 state we have n = n 0 so we need k = 9m to satisfy the constraint, which is possible (arising for instance from (G −7/9 G −2/9 ) m |α; ℓ = 0 ). For ℓ = 1 we have n =
. For p n to be integer the only possibility is k = 9m + 6. This is possible but not for m = 0 so we need to replace m → m+1 leading to n = m+ 12 7 . For ℓ = 2 we have n = and need k = 9m+7 which is possible, giving n = m+ 6 7 . Finally for ℓ = 3 we have n = and need k = 9m+3, which is possible but not for m = 0, hence n = m+ 10 7 . Summarising, the allowed values with p n an integer are 7m (ℓ=0) ; 7m+12 (ℓ=1) ; 7m+6 (ℓ=2) ; 7m+10 (ℓ=3) , (4.6) which precisely agree with the instanton result, cf. (2.8). We have checked several other values of p finding agreement in each case. It may be possible to devise a general proof for arbitrary p but we have not attempted to do so. Next we turn to the analysis of the Kac determinant. When stripped of the zeromode part it takes the following form in the ℓth sector at level n [36] r s≤p n |r−s|=±ℓ mod p
where the product is over all positive integers r, s subject to the given conditions and ℓ = r+s mod p. The precise values of the Pl(n−rs/p) are given in [36] but will not be important; we only need to know that they are non-zero unless the corresponding z n−rs/p term in the expansion in the min(l, p−l) sector is absent meaning that there are no states at that level. The expressions for the zeros are given by [37, 36] 
Inserting these expressions into (4.8) and remembering the result (4.3) we find that the factors in the product (4.7) can be simplified to
Finally, using this result and substituting the AGT map
we find that when written with only simple zeros as explained above, the Kac determinant (4.7) becomes (up to an overall constant)
(4.12)
In this expression it is understood that only those factors for which Pl(n − rs/p) is non-zero are included.
It is now a simple matter to check that (4.12) agrees with the denominators in the instanton expansion. We should stress that this matching fixes the map (4.11) which for general p takes the standard AGT form. As an example, consider p = 7 where the possible levels were given in (4.6). Inserting this result into (4.12) we find agreement with the denominators in (2.12). Note that from our previous result on the allowed levels we have P 3 (3/7) = P 1 (5/7) = 0 implying e.g. that there is no A 3,1 factor at level n = 6/7, no A 2,2 factor at level n = 1, and no A 5,1 factor at level n = 10/7. We have also checked the matching for many other terms and values of p and have not found any discrepancies with the above conjecture.
Before continuing to the higher rank cases let us mention that there exists an intriguing relation between the symmetry algebras of the (N, p) = (2, p) cosets and the super W-algebra obtained by Drinfeld-Sokolov reduction from the D(2|1; α) super current algebra [39] . It may be possible to use this connection to make additional checks of the proposed relation with gauge theory. Although perhaps it is only the "bosonic version" of the symmetry algebra that is accessible in this approach. The bosonic version only contains generators with integer conformal dimensions (for instance the bosonic version of the N = 1 superconformal algebra has generators of conformal dimension 2, 4 and 6 and is discussed e.g. in appendix E of [40] ).
Since the N = p = 2 case is related to the super-Liouville theory one might naively expect that for some values of p the higher rank cosets should be related to super-Toda theories. However, this seems unlikely since the central charges of the models that are conventionally called super-Toda theories [41] do not match the coset central charge (in particular the super-Toda central charges are not symmetric under b ↔ 1/b except for the rank one case).
The reason why the N = p = 2 model is related to a superconformal algebra can be traced to the fact that when p = N fields with half-integer conformal dimension appear in the coset theory (see e.g. [10, Section 7.3.2] and references therein). Therefore, it is natural to expect that e.g. the (N, p) = (3, 3) model should correspond to a super-W 3 algebra. However, the obvious supersymmetrisation of W 3 is only consistent for c = 10/7 [42] . This central charge agrees with the coset central charge (1.2) when κ = 1 and indeed for this value the super-W 3 algebra arises from the coset [43] . Thus it seems that conformal blocks for the super-W 3 algebra should be related to instanton partition functions for the SU(3) gauge theory on R/Z 3 with ǫ 1,2 satisfying the constraint obtained by inserting κ = 1 into (1.4) . However, one puzzling aspect is that instanton expansion has gaps which at least at first glance seems difficult to obtain from the CFT. The complicated symmetry algebra of the (3, 3) coset with κ = 1 has been discussed in [44] .
In the general higher-rank case very little is known about the symmetry algebra, but the method based on the Kac determinant should be within reach. Consider first the (N, 1) models. For N > 3 there have not been many explicit checks in the literature due to the complicated nature of the W N algebras. The Kac determinant is known for the W N algebras for all N [45] (see also [10, Section 6.4.1] and [46] ). When rewritten using the A N −1 AGT map (here ρ is Weyl vector)
and with all non-zero exponents set equal to 1 as above, the Kac determinant takes the form i<j r,s≤n
We have checked for several cases that the denominators in the instanton expansion indeed agree with this expression. When p ≥ 1 the Kac determinant has not been explicitly written down in the literature, but it should be possible to extract it from the results in [47] by using the method in [10, Section 7.3.4] . The analogue of Pl(n−rs/p) in (4.7) -the so called string functions -are known, but in the general case their construction is a little involved, see [48] . The allowed levels can be extracted from the string functions so it should also be possible to check if the gaps in the gauge theory instanton expansions are reproduced. By analogy with the N = 2 case it seems likely that the Kac determinant takes a form similar to (4.14); we have checked that the instanton expressions are consitent with this expectation. A complete analysis is left for future work.
Factorisation of coset conformal blocks
Various relationships between conformal blocks for different coset theories have been studied in the literature, mainly for rational theories, see e.g. [49] .
Of particular relevance for us are the observations in [20] and [21] . In these papers the rational versions of the coset (1.1) were studied and conformal blocks for the (N, p) model were argued to factorise into a certain product of p conformal blocks for the (N, 1) model. This result originates in the following simple (formal) factorisation property of the coset
where we used the short-hand notation
The factorisation property (5.1) is more transparent if one uses the (group) G×G/G multiplicative notation for the coset rather than the (Lie algebra) g⊕g/g additive notation that we have used so far. A priori the factorisation (5.1) is just a formal trick, but for minimal model cosets (where κ is an integer) the meaning of the product of cosets on right hand side of (5.1) has been made precise [20, 21] . Our goal is to try to extrapolate this result to the non-rational setting where κ is a free parameter.
We first consider the special case p = 2 and focus on the numerator in (5.1). The relation between κ and the gauge theory ǫ 1,2 parameters is as in (1.4) with p = 2. We know from [1] that there is a relation between the conformal blocks for F κ and the SU (2) instanton partition function where the deformation parameters are related to κ via (1.4) with p = 1. This means that for each factor in the numerator in (5.1) one can associate a corresponding set of ǫ 1,2 parameters. For clarity we denote the deformation parameters corresponding to the (ℓ+1)th factor as ε 
These relations suggest that the instanton partition function on R/Z 2 should factorise into some sort of product of two R 4 instanton partition functions with "effective" deformation parameters as in (5.3).
To understand in more detail what the product should be we need to recall some results from [20, 21] . Initially we focus on the simplest case, N = p = 2. The main idea in [20, 21] is to look for the vertex operators (representations) of the tensor product of C κ and F 1 in a certain projection of the vertex operators (representations) of the tensor product of F κ and F κ+1 . This implies that the conformal blocks of the C κ theory are related to a projection of the product of the conformal blocks of F κ and F κ+1 . In particular, the internal states of the conformal blocks of F κ and F κ+1 are not independent. We consider the simplest case of the irregular conformal block (as studied elsewhere in this paper). In the rational case (i.e. for κ an integer) the conformal dimension for the simplest representation (called the vacuum sector in [20] and denoted ℓ = 0 in section 4) is given by
At the level of the conformal dimensions, the projection on the representations of the internal states in the conformal blocks is encoded in the relation [20] 
where q = v−(r+s)/2 ∈ Z. The projected multiplication of conformal blocks of F κ and F κ+1 is a sum of all products of conformal blocks whose internal states are consistent with (5.5). The allowed possibilities are labelled by the integer q. To extrapolate to the non-rational case and to translate to gauge theory language we observe that (5.5) can be written 
Using (5.3) the relation (5.6) can also be written
Identifying the extrapolation of a with the gauge theory Coulomb parameter we expect that the SU(2) instanton partition function on R 4 /Z 2 should be the sum over q of the product of two R 4 instanton partition functions with Coulomb parameters a + ǫ (ℓ) ℓ+1 q/2. This expectation is consistent with the known form of the gauge theory result [22] [23] [24] :
1 , ε
2 , y) ,
where Z 2 is as in (2.1) and a = (a, −a). Note that the parameter y used here is not the same as the one used elsewhere in this paper: y here = y 2 there . A few comments are in order. From the discussion in [20, 21] we would also expect a contribution from the denominator F 1 (in addition to its role in the projection). However, we recall from the discussion in the introduction that the conjecture [7] is that the coset CFT (1.1) tensored with the coset (1.7) is what should be dual to the gauge theory. But we have 
2 , i.e. Z → Z full = Z pert Z inst then the relation involving the Z full 's (the blow-up formula) essentially takes the same form as in (5.9) but without the L q (a, ǫ 1 , ǫ 2 ) and y q 2 /2 pieces (see [6] for further details). Based on AGT arguments it therefore seems plausible to look for a CFT explanation of the L q (a, ǫ 1 , ǫ 2 ) pieces starting from the theree-point functions.
Relations between the three-point functions were discussed in [20, 21] and it would be interesting to see if an extrapolation of these results can be used to explain the form of L q (a, ǫ 1 , ǫ 2 ). Let us also note that in [6] the identity (5.8) was related to the matching of the classical pieces of the prepotential in the blow-up formula.
Clearly the above extrapolations of the rational CFT arguments in [20, 21] are heuristic and incomplete, but the results nevertheless strongly indicate that the factorisation property of the coset (5.1) should provide the answer to the question raised in [4, 6] concerning the CFT interpretation of the factorised form of the gauge theory instanton partition functions on R 4 /Z p . The above discussion can also be extended to higher p. We close this section with some brief comments about these cases.
For general p we find for the (ℓ+1)th factor of the coset (ℓ = 0, 1, . . . , p − 1)
Discussion
In this paper we studied the proposal [3, 7] that SU(N) gauge theories on R 4 /Z p should be related to the para-Toda theories that are connected to the (N, p) coset (1.1). We found non-trivial evidence for the correctness of this proposal, but there are many things that need to be understood better and also many possible extensions.
As noted in section 3, one puzzling aspect of the relation between the (irregular) conformal blocks of the coset theory and the gauge theory instanton partition functions is that the gauge theory expressions do not seem to involve the CFT descendants at all levels nor all possible sectors of highest weight states. Conversely, on the gauge theory side there is an extension of the instanton partition function that involves p−1 additional variables (called x ℓ in section 2) whose meaning on the CFT side is not yet clear. These facts possibly indicate that there is a more general version of the relation.
Some obvious extensions are to include matter on the gauge theory side which corresponds to considering proper conformal blocks on the CFT side. This was accomplished for (N, p) = (2, 2) in [5, 6] . For the para-Liouville theories (N = 2, general p) the three-point functions are known [12] . It would be interesting to compare these expressions to the perturbative parts of the SU(2) gauge theory on R 4 /Z p and in particular to recover the "selection rules" noted in [12] . For higher rank and p > 1, there are at present no CFT results, but the gauge theory results [23] indicate that for general N and p the three-point function (with restrictions as in [50] ) should factorise into p pieces just like for N = 2. It is also desirable to extend the analysis to the full CFT correlation functions which on the gauge theory side should correspond to extending the analysis of Pestun [51] to gauge theories on R 4 /Z p . Another possible extension is to replace R 4 /Z p by a general toric singularty. It is known that in four (non-compact) dimensions the most general toric singularity is R 4 /Γ p,q where p, q are coprime integers with p > q > 0 (see e.g. [28] for a summary). In this language R 4 /Z p corresponds to R 4 /Γ p,p−1 . The dual CFT for the general (p, q) case is not known at present, but the central charges can easily be computed from the anomaly polynomial of the 6d A N −1 (2, 0) theory using the method in [13, 7] (assuming the method is applicable also for these cases). For instance, for the Γ p,1 case (also known as blown down O P 1 (−p)) it can be shown that Another clue that might be helpful in identifying the dual CFT comes from the "factorised" form of the instanton partition function [23, 24] that should have a CFT explanation similar to the one in section 5.
An appealing feature of the gauge theory results is that all theories are of roughly the same difficulty. In contrast, on the CFT side some cases appear more complicated that others (at least at first sight). This is in particular true for the theories whose symmetry algebra is non-abelianly braided. On the other hand, the gauge theory results indicate that also these theories should be amenable to analysis (at least for some sectors).
The simple Kac determinant method we proposed in section 4 as a way to check AGT-type relations is presumably generally applicable. For instance, it could be used to investigate the relation [52] between SU(N) gauge theories with a general surface operator and the corresponding general W-algebras that are labelled by partitions of N. The gauge theory instanton partition functions were determined in [53] . There exists [54] a construction algoritm for the general W-algebras but it is complicated and only some cases have been worked out. The approach based on the Kac determinant offers a simpler alternative. So far the Kac determinant has only been explicitly written down for some cases (see e.g. [55] ) but more general cases should also be accessible.
